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Quantum simulation experimentally of many-body systems may bring new phenomena which are not well
studied theoretically. Motivated by a recent work of quantum simulation on a superconducting ladder circuit,
we investigate the rung-pair localization of the Bose-Hubbard ladder model without quenched disorder. Our
results show that, in the hard-core limit, the rung-pair localization can exist both at the edges and in the bulk.
Using center-of-mass frame, the two-particle system can be mapped to an effective single-particle system with
an approximate sub-lattice symmetry. Under the condition of hard-core limit, the effective system is forced to
have a defect at the left edge leading to a zero-energy mode, which is the origin of the rung-pair localization.
In addition, we also study the dynamics of the Bose-Hubbard ladder model with multiple rung pairs. Using
time evolving block decimation method, we demonstrate that the system can display a localization similar
to the many-body localization. The entanglement entropies exhibit a long-time logarithmic growth, and the
corresponding saturated values satisfy a volume law.
Introduction.—Localization is a fundamental concept
in condensed matter physics, which is closely related
to the transports [1], non-equilibrium dynamics [2],
topology [3, 4] and so on. The localization can emerge
in various systems. In the free-fermion systems, the
single-particle wave functions can be localized with
the presence of sufficient impurity scatterings called
Anderson localization [5]. Such disorder induced
localization can be extended to interacting system dubbed
many-body localization (MBL) [6–12] as long as the
disorder is strong enough. In recent two decades, MBL
has attracted many interests due to its novel properties,
for instance, the violation of eigenstate thermalization
hypothesis (ETH) [13–15] and long-time logarithmic
growth of entanglement entropy. Additionally, the
localization can also exist in some disorder-free systems
and have rich physics. For example, there exist
quasi-localization [16–22] in some translation invariant
system which is induced by purely interacting effect.
In topological systems [23, 24], localization can live
at the boundaries protected by the bulk topology.
Another instance can be found in the locally constrained
systems [25–28] due to the presence of superselection
sectors, which may relate to the confinement in lattice
gauge theories.
In a recent quantum simulation experimental
work [29], a novel disorder-free localization
phenomenon is observed, some of our coauthors are
involved in this work. Using a 20-qubit superconducting
quantum simulator [29–32], we construct a Bose-
Hubbard ladder [33, 34] with equal inter- and intra-leg
hopping strength. From the dynamics of two particles,
FIG. 1. Sketch of Bose-Hubbard ladder. The particles can
hop through or between the legs with strength J∥ and J⊥,
respectively. Double occupancy on a single site is forbidden
in the hard-core limit. The dashed circles represent the rung
pairs.
a special localization of the edge rung pairs was found,
and the bulk rung pairs exhibit a linear propagating. It
has been shown, numerically, that this localization is
induced by large on-site interaction and special lattice
structure. Nevertheless, the micromechanism of why
and how the on-site interaction leading to this special
localization is still an open question.
In this Letter, we theoretically investigate this
localization behavior of rung pairs in Bose-Hubbard
ladder model. Our results reveal that, with large on-
site interaction, the rung-pair localization can emerge
not only at the edges but in the bulk. We solve the
two-particle system and derive the bulk spectrum. It’s
shown that there exist zero-energy mode which is related
to the localized rung pairs. The zero mode is the edge-
state of Hamiltonian in relative coordinate space and is
induced by hard-core limit condition. The dynamics
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2of the multiple rung pairs, calculated by time evolving
block decimation (TEBD) method [1, 35], can also show
a strong localization. Furthermore, the entanglement
entropy grows logarithmically within a long time and
satisfies a volume law, which is akin to the MBL. Our
results provide a new type disorder-free localization
that distinguishes from the MBL induced by disorder
potential or local constraints, and this may promote us
the understanding of MBL.
The model.—We consider the Bose-Hubbard ladder
model, of which the Hamiltonian reads
Hˆ = J∥∑
j,ν
(aˆ†j,ν aˆj+1,ν +H.c.) + J⊥∑
j
(aˆ†j,l1 aˆj,l2 +H.c.)
+ U
2
∑
j,ν
nˆj,ν(nˆj,ν − 1),
(1)
where aˆ†j,ν (aˆj,ν) is bosonic creation (annihilation)
operator, nˆj,ν = aˆ†j,ν aˆj,ν is number operator of the
bosons, j labels the rung number, ν = l1, l2 denotes two
legs, J∥ and J⊥ are intra- and inter-leg hopping strength,
respectively, and U is the on-site interaction strength.
When ∣U ∣ ≫ ∣J∥∣, ∣J⊥∣, the bosons are in the hard-core
limits, where a single site cannot be occupied by more
than one boson, see Fig. 1. In this case, the Hamiltonian
Hˆ is equivalent to a spin- 1
2
ladder with XX coupling [29].
Now we discuss the symmetries of the Hamiltonian
(1). Firstly, there is a global U(1) symmetry, so that
the particle number are conserved [∑j,ν nˆj,ν , Hˆ] = 0.
Another one is the space-reflection symmetry between
the legs l1 and l2. We label this symmetry transformation
operator as Sˆ, which satisfies Sˆaˆ†j,l1 Sˆ
† = aˆ†j,l2 and
Sˆaˆ†j,l2 Sˆ
† = aˆ†j,l1 . Thus, we can define two projecting
operators Pˆ ± = 1
2
(Iˆ ± Sˆ) to divide the Hamiltonian Hˆ
into two subspace Hˆ± = Pˆ ±HˆPˆ ± with ± parities.
Single rung pair.—Here we study the dynamics of
the Bose-Hubbard ladder with single rung pair. For
the initial state ∣ψ0⟩, we choose one rung pair localized
at the rung i, i.e., ∣ψ0⟩ = ∣SRPi⟩ ≡ aˆ†i,l1 aˆ†i,l2 ∣Vac⟩,
where ∣Vac⟩ is vacuum state of the bosons satisfying
aˆj,ν ∣Vac⟩ = 0. Additionally, we consider the probability
distributions of rung pairs as the observers defined
as ⟨nˆrj(t)⟩ ≡ ⟨ψ(t)∣ nˆj,l1 nˆj,l2 ∣ψ(t)⟩ with ∣ψ(t)⟩ =
e−iHˆt ∣ψ0⟩. Firstly, we calculate the time evolution of
the occupancy probability of initial rung pairs ⟨nˆri (t)⟩,
which can also be considered as Loschmidt echo [37].
In Figs. 2(a,b), we plot the time evolution of ⟨nˆri (t)⟩ for
different reduced intra-leg hopping strengh J¯⊥ ≡ J⊥/J∥
with rung pairs initially at the boundary and central,
respectively. It is shown that rung pairs can localize
both at the edges and in the bulk in the hard-core limit.
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FIG. 2. The dynamics of the single rung pair with J∥ = 1.0. The
time evolution of ⟨nˆri (t)⟩ with initial rung pairs at (a) the edge
and (b) the central, respectively. The corresponding occupancy
probabilities can stabilize at non-zero values after a long time
with U →∞. The oscillations originates from the reflection of
the particles at two boundaries. The probability distributions of
rung pairs ⟨nˆrj(tf)⟩ with the initial rungs pairs at (c) the edge
and (d) the central, respectively. Here, tf is the time where the
system has been approached at a steady state.
However, in the case of small U , the rung pairs can
hardly localize. Then, we also present the probability
distributions of rung pairs ⟨nˆrj(t)⟩ in the vicinity of
initial rung, when the system approach a stead state, see
Figs. 2(c,d). For infinite U , the final steady state is a
localized wave packet around initial rung.
According to Fig. 2, we can find that this localization
of the rung pairs possess three properties. (i) The rung-
pair localization can only exist in the case of large on-
site interaction strength U , i.e., in the hard-core limit. (ii)
The localization strength of rung pairs is J¯⊥-dependent,
where it becomes stronger with the increase of reduced
inter-leg hopping strength. (iii) This localization displays
an edge effect, i.e., the boundary localization is stronger
than the bulk one. We note that the work in Ref. [29] is
a particular case with J¯⊥ = 1, where the bulk rung-pair
localization is too weak to be observed experimentally.
To uncover the micromechanism of the rung-pair
localization in Bose-Hubbard ladder model, we solve the
Hamiltonian Eq. (1) in two-particle subspace [38, 39]
and obtain the spectrum. Since the system only contains
two bosons, we can use center-of-mass frame to represent
the Hamiltonian Hˆ . We consider the case of bulk rung
3???
FIG. 3. (a) The sketch of the edge state for the effective
Hamiltonian Hˆeff. (b) The spectrum of two-particle system
for J∥ = 1.0, J⊥ = 2.0 and U = 5. The major two
continuous bands are determined by Eq. (5). The middle
single mode is the edge state, and the up isolate mode is
repulsively bound pair [40]. (c) The spectrum of two-particle
system forJ∥ = 1.0, J⊥ = 2.0 and U → ∞. The major
band structure are the same as (b). The differences are there
is no mode of repulsively bound pairs, and the edge state
is zero-energy (red dashed line). (d,e) The edge states with
K = −2.01 (n = 17) annotated in (b) and (c) by black arrow,
respectively. The horizontal axis are index of basis arranged
in CKA (0),CKB (0),CKA (1),CKB (1), . . . ,CKA (r),CKB (r) with
CKA (0) neglected in (e). The numerical results are obtained by
diagonalizing Hamiltonian (4) directly and the theoretical one
is the solution Eqs. (5) and (6).
pairs, thus the periodic boundary condition is applied.
Therefore, the system is translation invariant with center-
of-mass momentum being a good quantum number. For
simplicity, we choose the system with odd rung number
and + parity, of which the basis can be written as
∣ϕr,A(K)⟩= 1√
2N
∑
j
eiK(j+r/2)(∣1j1j+r⟩l1+∣1j1j+r⟩l2),
∣ϕr,B(K)⟩= 1√
2N + 2Nδr,0 ∑j eiK(j+r/2)(∣1j⟩l1 ∣1j+r⟩l2+∣1j⟩l2 ∣1j+r⟩l1),
(2)
where 0 ≤ r ≤ N−1
2
is integer, K = 2pin
N
is the center-of-
mass momentum with n = 0,1, . . . ,N − 1, and ∣1j⟩ν ≡
aˆ†j,ν ∣Vac⟩. Here, we have identified ∣1j1j⟩ with the Fock
state ∣2j⟩. Hence, the arbitrary two-particle eigenstate of
Hˆ with momentum K can be expand in this basis as
∣ψ(K)⟩ =∑
r
CKA (r)∣ϕr,A(K)⟩ +∑
r
CKB (r)∣ϕr,B(K)⟩.
(3)
From the Schro¨dinger’s equation Hˆ ∣ψ(K)⟩ =
εK ∣ψ(K)⟩, we can obtain an effective Hamiltonian
of Hˆ in the basis of Eq. (2) [41], which reads
Hˆeff =∑
r,µ
QKr ∣r⟩µµ⟨r + 1∣ + 2J⊥∑
r
∣r⟩AB⟨r∣ +H.c.
+U ∣0⟩AA⟨0∣ +∑
µ
(−1)nQKN0 ∣N0⟩µµ⟨N0∣, (4)
where µ = A,B, ∣r⟩µ is alias of basis ∣ϕr,µ(K)⟩, QK0 =
2
√
2J∥ cos(K/2), QKr≥1 = 2J∥ cos(K/2), and N0 ≡
N−1
2
. This is a non-interactional Hamiltonian and has an
approximate sub-lattice symmetry [41], i.e., the system
is invariant under the exchange of A,B sub-lattices. The
dispersion of Hˆeff is calculated as [41]
ε±K(k) = 4J∥ cos(K/2) cos(k) ± 2J⊥, (5)
where k ∈ (0, pi) satisfying sin[k(N0 + 1)] =(−1)n sin(kN0) and corresponding to the relative
momentum of two particles. There are two separated
bands with the gap 4J⊥. In addition, the winding number
is zero for arbitrary J⊥ and K indicating that the system
is always topologically trivial.
According to Eqs. (2) and (4), we can find that the
edge mode ∣0⟩B of effective Hˆeff is nothing but the
rung pairs. Hence, to reveal the rung-pair localization,
it is necessary to calculate the edge state of Hˆeff .
Since the winding number is zero, generally, there is
no topologically protected edge state, and the nearest-
neighbor ∣r⟩A and ∣r⟩B can form a dimer for the ground
state [24]. Nevertheless, when the original Hamiltonian
Hˆ is in hard-core limit leading to the absence of ∣0⟩A,
the edge dimer between ∣0⟩A and ∣0⟩B is broken. Thus, a
zero-energy state emerges with ∣r⟩µ localized at the edge
r = 0, see Fig. 3(a). Mapping to the Bose-Hubbard ladder
model, we can know that the rung pairs will localize in
this case. In Figs. 3(b,c), we present the spectrum of this
system with U = 5 and ∞, respectively. We can find
that there exists the edge modes for both cases, and only
for infinite U , this edge mode is zero energy. We also
plot the wave functions of edge modes with K = −2.01
(n = 17), and it is indeed a localized state when U = ∞,
see Figs. 3(d,e).
Now we focus on the zero mode of Hˆeff . Solving the
equation Hˆeff ∣ψ(K)⟩ = 0 approximately in hard-core
4limits, we can obtain the wave function as [41]
CKB (0) = 1√
2
, CKB (2m − 1) = CKA (2m) = 0,
CKB (2m) = ρ2m, CKA (2m − 1) = ρ2m−1, (6)
where m ≥ 1 and
ρ = −J⊥/QK1 +√(J⊥/QK1 )2 − 1. (7)
Here, iff ∣ρ∣ < 1, this zero-energy solution is a localized
state at ∣0⟩B . Solving this inequation, we obtain ∣J⊥∣ >∣QK1 ∣, i.e., ∣J¯⊥∣ > 2 cos(K/2), which is the condition
of no crossing between two bands in Eq. (5). Due to
K/2 ∈ [0, pi], this condition can be always satisfied
for some of K as long as J⊥ ≠ 0, and there are more
localized modes as the increase of ∣J¯⊥∣ (∣J¯⊥∣ < 2). On
the one hand, since the single rung pair state ∣SRPi⟩
is the linear superposition of ∣ϕ0,B(K)⟩ for different
K, the localized strength will become more stronger,
when there are more localized ∣ϕ0,B(K)⟩ modes. One
the other hand, the localized length ξ ∝ −1/ ln ∣ρ∣
becomes smaller when enlarging ∣J¯⊥∣. Therefore, when
increasing the reduced inter-leg hopping strength ∣J¯⊥∣,
the localization will become stronger. For the property
(iii) of this localization, in Ref. [29], we have provided
a phenomenological description, which can interpret the
boundary effect roughly.
Multiple rung pairs.—We have studied the localization
of single rung pair. Now, we take up the dynamics
of multiple rung pairs in Bose-Hubbard ladder model,
which is beyond the single-particle picture. Here, we
use TEBD method to simulate 20-site system, i.e.,
L = 20, with U = ∞, open boundary condition,
and second-order Trotter-Suzuki decomposition. The
time step is δ = 0.05, the maximum bond dimension
is χ = 800, and truncation error can reach 10−10.
We have check that these error control parameters are
sufficient for the convergence of time evolution [41].
The order of the matrix product states (MPS) are
chosen as Ml1,1,Ml2,1,Ml1,2,Ml2,2 . . .Ml1,N ,Ml2,N .
We consider the case of 2/5 filling and choose the initial
state ∣ψ0⟩ = ∏i=1,4,7,10 aˆ†i,l1 aˆ†i,l2 ∣Vac⟩. In Fig. 4(a),
we show the time evolution of the density distribution⟨nˆj(t)⟩ with J¯⊥ = 3, where the localization can still exist.
Moreover, to further study the dynamics of multiple rung
pairs, we calculate the entanglement entropy S(b) =−Tr(ρˆb log ρˆb), where the b represents a subsystem
containing b sites or the b-th bond of MPS [41], and ρˆb
is the density matrix of this sub-system. From Fig. 4(b),
we can find that the entanglement entropy exhibit a long-
time logarithmic growth. Additionally, by calculating the
saturated entanglement entropies of different subsystems,
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FIG. 4. Dynamics of multiple rung pairs with J∥ = 1.0. (a)
Time evolution of the density distribution ⟨nˆj(t)⟩ with J⊥ =
3.0. (b) The growth of entanglement entropies of the central
bond for J⊥ = 1,2,3. (c) The growth of entanglement entropies
for different bonds with J⊥ = 2.0. (d) The function between the
bond number b and saturated entanglement entropy S∞(b) are
plotted. The green dashed line is a linear fitting.
we find that the saturated entanglement entropy tends to
a volume law, see Figs. 4(c,d).
Recalling to the physics in MBL systems, we can
find this localization of multiple rung pairs in Bose-
Hubbard ladder is almost identified with the MBL from
the viewpoint of the dynamical behaviors. In fact,
it has been shown that the MBL can indeed exist in
disorder-free system, specifically the locally constrained
system [25–28]. Although there is no intrinsic disorder
in these systems, due to the presence of superselection
sectors, the effective disorder potentials can emerge. In
our systems, because of the existence of single rung pair
localization of which the mechanism is uncovered in last
section, it is natural that the multiple rung pairs can
localized as well. However, there is no local constraint
and superselection sector, so that one may hardly map
this system to an effective disorder system. Therefore, it
is indeed surprise that this localization of multiple rung
pairs is MBL-like in our system.
Conclusion.—In summary, we have studied the
localizations of both single and multiple rung pairs in
Bose-Hubbard ladder model. This localization can only
exist in the case of hard-core limit and becomes stronger
with the increase of inter-leg hopping strength. We map
5the two-particle system into an effective two-band model
with approximate sub-lattice symmetry. The rung-pair
localization is related to the zero-energy mode of this
effective Hamiltonian resulted from the hard-core limit.
Moreover, we study the localization of multiple rung
pairs, which are similar to MBL, specifically, from the
behaviors of entanglement entropies [8]. Our results
reveal a new type of disorder-free localization induced
by the strong on-site interaction without local constraints.
In the case of multiple rung pairs, the existence of MBL-
like localization may help us have new understandings of
MBL.
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1SUPPLEMENTAL MATERIAL
LOCALIZED RUNG PAIRS IN HARD-CORE BOSE-HUBBARD LADDER
I. Derivation of the spectrum
We start from the expansion of state ∣ψ(K)⟩ with center-of-mass momentum K in the two-particle basis ∣ϕr,A(K)⟩
and ∣ϕr,B(K)⟩ (see main text)∣ψ(K)⟩ = ∑
r⩾0CKA (r) ∣ϕr,A(K)⟩ +∑r⩾0CKB (r) ∣ϕr,B(K)⟩ . (S1)
Then the Schordinger’s equation H ∣ψ(K)⟩ = εK ∣ψ(K)⟩ can be written as a set of equations of CKA (r),CKB (r)
CA(r + 1)QKr +CA(r − 1)QKr−1 + [(−1)nQKr δr,N0 +Uδr,0 − εK]CA(r) + 2J⊥CB(r) = 0,
CB(r + 1)QKr +CB(r − 1)QKr−1 + [(−1)nQKr δr,N0 − εK]CB(r) + 2J⊥CA(r) = 0, (S2)
with εK being the eigenenergy for certain K subspace. Here the factors QKr satisfy Q
K−1 = QKN0+1 = 0, QK0 =
2
√
2J∥ cos(K/2),QK0<r⩽N0 = 2J∥ cos(K/2), andN0 ≡ N−12 . The equation (S2) can be written in matrix form. With the
basis arranged as CKB (0),CKB (1), . . . ,CKB (r),CKA (0),CKA (1),CKA (2), . . . ,CKA (r), we have the Hamiltonian matrix
in block form
⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝
0 Q0 0 . . . 0 2J⊥ 0 0 . . . 0
Q0 0 Q1 . . . 0 0 2J⊥ 0 . . . 0
0 Q1 0 ⋱ ⋮ 0 0 ⋱ ⋱ ⋮⋮ ⋮ ⋱ ⋱ Q1 ⋮ ⋮ ⋱ ⋱ 0
0 0 . . . Q1 (−1)nQ1 0 0 . . . 0 2J⊥
2J⊥ 0 0 ⋯ 0 U Q0 0 . . . 0
0 2J⊥ 0 ⋯ 0 Q0 0 Q1 . . . 0
0 0 ⋱ ⋱ ⋮ 0 Q1 0 ⋱ ⋮⋮ ⋮ ⋱ ⋱ 0 ⋮ ⋮ ⋱ ⋱ Q1
0 0 ⋯ 0 2J⊥ 0 0 . . . Q1 (−1)nQ1
⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
, (S3)
in which the off-diagonal blocks for J⊥ denotes the coupling of two diagonal blocks. We find that except left boundary
term U for CA(0), the effective Hamiltonian have a sub-lattice symmetry between A, B sites. We refer to this
symmetry with defect on boundary as an approximate sub-lattice symmetry. Diagonalizing this matrix numerically
gives the energy spectrum for the momentum K. We plot the corresponding spectrum for J⊥ = 0, J⊥ = 1.0 and U =∞
with site number L = 102 in Fig. S1, which shows the effect of energy band split and emerging of zero mode due to J⊥.
We have check that all the eigen energies are consist with the results obtained by exact diagonalization of H+ which is
the projection of Hamiltonian (1) in the main text to + parity space.
The energy spectrum can also be derived analytically from solving Eq.(S2). Because of the existence of term U
for CA(0), Eq.(S2) cannot have symmetry solution. However, by combining the two sets of functions, we find the
combination F ±(r) = CKA (r) ±CKB (r) can have following wave ansatz form
F ±(r) = α±eikr + β±e−ikr, (S4)
and the corresponding continuous spectrum ε±K are
ε±K(k) = 4J∥ cos(K/2) cosk ± 2J⊥. (S5)
Substituting Eq.(S5) to the boundary equations in Eq.(S2), we obtain the constraint equations for k as
(2QK1 cosk −QK0 eik)α + (2QK1 cosk −QK0 e−ik)β −UCKA (0) = 0,(QK1 −QK0 )α + (QK1 −QK0 )β = 0,(QK1 [eik − (−1)n] eikN0)α + (QK1 [e−ik − (−1)n] e−ikN0)β = 0, (S6)
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FIG. S1. Two particles energy spectrum for (a) J⊥ = 0 and (b) J⊥ = 1.0 with J∥ = 1.0, U =∞ and L = 102.
where we find α = −β and k satisfy the following relation
sin[k(N0 + 1)] − (−1)n sin(kN0) = 0. (S7)
The zero-energy band can also be obtained in hard-core limit U =∞, in which case the equation for CA(0) vanish.
By neglecting the boundary term and taking limit N0 →∞, we find that Eq.(S2) can be reduced to
CKB (2)QK1 +CKB (0)QK0 + 2J⊥CKA (1) = 0[CKB (2m + 2) +CKB (2m)]QK1 + 2J⊥CKA (2m + 1) = 0[CKA (2m + 1) +CKA (2m − 1)]QK1 + 2J⊥CKB (2m) = 0 (S8)
with CKB (2m − 1) = CKA (2m) = 0 and m ≥ 1. Assuming the unnormalized solution CKA,B(r) = ρr, ∣ρ∣ ≤ 1, we get the
solution
ρ = −J⊥/QK1 +√J2⊥/QK1 2 − 1, CKB (0) = 1√
2
. (S9)
II. More numerical results
A. Single pair dynamics
To see the dynamics of one rung pair through the full lattice clearly, we show the time evolution of particle numbers
on each site in Fig. (S2), where the site number L = 50 and total evolution time t = 20. The parameters are taken
as J⊥ = 1.0, J∥ = 1.0 and U = ∞. It is shown that the dynamics of rung pairs split to two parts: localization and
propagation. The propagation is governed by continuum mode Eq.(5), of which the speed is only relevant to J∥. But
the localization strength depend on the gap and zero-energy mode, which is only J¯⊥-dependent.
B. Multiple pairs dynamics
The dynamics of multiple rung pairs are derived by TEBD method, in which the MPS structure are shown in Fig. S3.
The entanglement entropies are obtained at the bonds b = 2,3, . . . ,10.
In this one dimensional representation of the ladder model, there exist next-near-neighbor hopping term. Thus we
need use the so called SWAP gate to exchange MPS tensor during every Trotter step, which is discussed in [S1]. The
main errors in TEBD come from Trotter-Suzuki decomposition and truncations of MPS, which depend on the time
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FIG. S2. Time evolution of particle numbers on each sites for J⊥ = 1.0, J∥ = 1.0 and U = ∞, with the initial rung pair at (a) left
edge and (b) center.
FIG. S3. MPS structure in TEBD simulation and bipartition of the system for calculating entanglement entropy. Where N = L/2 is
the rung number.
step δ during the evolution and maximum bond dimension χ of MPS, respectively. Due to the long evolution time, to
ensure the results converge, we show the evolution of entanglement entropy with different bond dimensions and time
steps in Fig. S4. The parameters are taken to be the same as Fig. 4 (c) (d) in the main text, i.e. J∥ = 1.0, J⊥ = 2.0 and
U =∞. We find that increasing the bond dimension or decreasing the time step does not give different results. Hence
our TEBD simulation is converged.
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FIG. S4. Evolution of entanglement entropy, with the same model parameters as Fig.4 (c) (d) in the main text. Additional parameters
χ = 900,1000 and δ = 0.02 are considered compared to the case of χ = 800, δ = 0.05 in the main text.
